We explore excitation transport within a one-dimensional chain of atoms where the atomic transition dipoles are coupled to the free radiation field. When the atoms are separated by distances smaller or comparable to the wavelength of the transition, the exchange of virtual photons leads to the transport of the excitation through the lattice. Even though this is a strongly dissipative system, we find that the transport is subradiant, that is, the excitation lifetime is orders of magnitude longer than the one of an individual atom. In particular, we show that a subspace of the spectrum is formed by subradiant states with a linear dispersion relation, which allows for the dispersionless transport of wave packets over long distances with virtually zero decay rate. Moreover, the group velocity and direction of the transport can be controlled via an external uniform magnetic field while preserving its subradiant character. The simplicity and versatility of this system, together with the robustness of subradiance against disorder, makes it relevant for a range of applications such as lossless energy transport and long-time light storage.
I. INTRODUCTION
An ensemble of emitters couples collectively to a common electromagnetic bath, as was already investigated theoretically in the seminal papers of Dicke, Lehmberg and Agarwal in the 1950s and 70s [1] [2] [3] . Here, the exchange of virtual photons results in induced dipole-dipole interactions [4] [5] [6] and collective Lamb and LorentzLorenz shifts [7] [8] [9] [10] [11] [12] [13] . Moreover, the emission of photons into the bath takes place at a rate much faster or slower (so-called super-and subradiance, respectively) than the single atom decay rate [14] [15] [16] [17] [18] [19] [20] [21] . This cooperative behavior is featured both in dense ensembles, where the interparticle separations are comparable to the wavelength of the scattered light, and in dilute ones with a very large number of emitters. Super-and subradiance have been observed experimentally not only in atomic gases, but also in QED circuits [22, 23] , metamaterial arrays [24] , and quantum dots [25] [26] [27] . This collective atomlight coupling has found a variety of applications such as storage of light via the preparation of subradiant states through phase-imprinting protocols [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] , topologically protected transport of excitations [39, 40] , or efficient long-range energy transport [41] [42] [43] [44] .
In this paper, we show that it is possible to realize subradiance-protected transport of a wave packet through a dense atomic chain with lifetimes many orders of magnitude longer than the one of an individual atom. This is achieved by maximizing the overlap of the wave packet with a subradiant manifold of states that possess a linear dispersion relation. Further control over the transport can be attained by effectively changing the orientation of the transition dipoles via an external uniform magnetic field. In particular, we show that the group * beatriz.olmos-sanchez@nottingham.ac.uk FIG. 1. The system. We consider a one-dimensional chain of atoms with nearest neighbor separation a in (a) a ring and (b) a linear chain with open boundary conditions. The wave packet that contains the excitation is transported via dipoledipole interactions induced by the collective coupling to the radiation field at zero temperature. (c): We consider the following internal atomic levels in each atom: a ground state |g and three degenerate excited states |−1 , |0 , |+1 . The degeneracy is lifted by the shift of |±1 by ±∆ = ±µBg |B| when an external uniform magnetic field B is aligned with the dipole moment d 0 of the |g → |0 transition (quantization axis). (d): The polar angle θ of r αβ (separation between the α-th and β-th atoms) controls the strength of the interactions and the collective character of the dissipation.
velocity of the wave packet can be brought close to zero while preserving its long lifetime. Finally, we analyse the effect of disorder, which arises from the width of the external wavefunction of the atoms in each lattice trap and is inevitable in a realistic experimental scenario. Even though this can lead to the suppression of the transport of the wave packet due to localization [45, 46] , we find that the subradiant character of the dynamics is robust against the presence of disorder [47, 48] .
II. INTERACTION BETWEEN THE ATOMS AND THE RADIATION FIELD

A. Master Equation
We consider an ensemble of N atoms at positions r α with α = 1, . . . , N , each one tightly trapped in the sites of a one-dimensional lattice with lattice constant a [see Figs. 1(a) and (b) ]. The internal degrees of freedom of each atom are considered as a generic J = 0 → 1 transition, with a single ground state |g and three degenerate excited states |−1 , |0 and |+1 . The energy difference between the ground and excited states is denoted by ω = hc/λ, where λ is the wavelength of the transition. We choose the transition dipole moment d 0 of the |g → |0 transition to be aligned with the quantization axis (z-axis) [ Fig. 1(c) ].
The atoms are in contact with the radiation field, which we model as a thermal bath at zero temperature, whose degrees of freedom are traced out. Within the Born-Markov and secular approximations [1] [2] [3] , the master equation for the dynamics of the internal degrees of freedom encoded in the reduced density matrix ρ yieldṡ
The Hamiltonian H describes the coherent long-ranged exchange of virtual photons among the atoms and is given by
where 
with
All exchange rates between the internal states are proportional to the single-atom decay rate γ and depend on the reduced distance between the two atoms κ = 2πr αβ /λ. Here, r αβ = |r αβ | is the modulus of the separation between the two atoms r αβ = r α − r β , and θ and ϕ are the angles between r αβ and the transition dipole moment d 0 and the x-axis, respectively [see Fig. 1 
Here, the matrix∆ αα reads
with µ B being the Bohr magneton and g the Landé gfactor.
The second term of the master equation (1) represents the dissipation via incoherent emission of photons into the radiation field and it is given by
The coefficient matrixΓ αβ encodes the dissipative couplings between the atoms and has a similar structure to the coherent interaction matrix:
The atoms couple to the radiation field as a collective and not as individuals. As a consequence, the decay rates in the system differ significantly from those of single emitters [1] [2] [3] , with some being much larger and others much smaller than the single-atom decay rate γ (corresponding to so-called superradiant and subradiant emission modes, respectively). This collective character becomes more pronounced for small reduced distances κ, i.e. small ratios a/λ, reaching regimes where some of the radiation modes are almost completely dark (with virtually zero decay rate). The population of these subradiant modes is the mechanism that allows for the prolongued storage of light in the atomic system.
B. Dynamics in the single excitation sector
Throughout, we will assume that the initial state contains a single excitation localized over a few lattice sites of the chain [Figs. 1(a) and (b)]. This single excitation (in one of the three states |−1 , |0 , or |+1 ) is transported via the exchange interactions given by H (which conserve the number of excitations), while the action of dissipation can only decrease the number of excitations to zero. Thus, the dynamics can be described in a truncated space formed by the many-body ground state |G ≡ |g 1 ⊗|g 2 · · ·⊗|g N and the single-excitation states |e
Here, the density matrix takes the form
where ρ GG = G|ρ|G , ρ Ge = G|ρ|e , ρ eG = e|ρ|G , andρ ee = e|ρ|e , with |e being a row vector containing all single-excitation states |e m α . The time-evolution of the elements ofρ ee (a 3N ×3N matrix) is decoupled from the dynamics of the remaining elements (see Appendix A), obeying the equatioṅ
Here,V ,Γ, and∆, are 3N × 3N matrices whose components for α, β = 1, . . . , N are given by Eqs. (3), (7) and (5), respectively [49] .
We will consider in all cases a pure state as the initial state, and henceρ ee = |ψ(t) ψ(t)| with
where c m α (t) is the probability amplitude of the α-th atom being excited to the |m state. The state (11) evolves under the non-hermitian Hamiltonian H eff . The survival probability, i.e. the probability for not emitting a photon into the radiation field, is given by the norm of the wave function
The instantaneous photon emission rate, also called activity, is given by
A value of the activity larger (smaller) than the single atom decay rate γ for a state with large excitation density is indicative collective superradiant (subradiant) behavior of the photon emission.
III. SUBRADIANT TRANSPORT ON A RING LATTICE
First, we focus on a ring lattice, as illustrated in Fig.  1(a) [35] [36] [37] . Here, the matricesV andΓ are symmetric circulant due to the periodic boundary conditions such that, for each orientation of the transition dipole m, the simultaneous eigenstates for both matrices are given by the plane waves
with k = − N/2 , . . . (N − 1)/2 and q = N/2 . For illustration purposes, we will consider in the following the case where only the |0 state is excited initially, and where the ring plane is perpendicular to the dipole moment d 0 (i.e. θ = π/2). Here, both the coherent and incoherent couplings between |0 and |±1 vanish [V 10 = 0 and Γ 10 = 0 in Eqs. (3) and (7)], and hence the dynamics is determined solely by V 00 and Γ 00 . The initial state can be written as
where the coefficients c 0 α and c k represent the probability amplitude distribution of the initial state in real and momentum space, respectively. Conversely, the timeevolved state takes the form
where V k and Γ k are the eigenvalues of the matricesV andΓ, respectively. Note that the collective character of the dissipation is reflected here in the decay rates Γ k , which are either larger or smaller than the single atom decay rate γ, corresponding to |k 0 having superradiant or subradiant character, as illustrated in Fig. 2(a) , while V k represents the energy of the corresponding mode. Let us start by considering the initial state to be |e (14), i.e.,
and its time-evolution is then given by
This dynamics is depicted in Fig. 2(b) , where we observe that the initial wave packet splits into two that travel in opposite directions. These wave packets disperse quickly due to the non-linearity of V k as a function of p(k) = 2πk/(N a) [see Fig. 2(a) ]. More importantly, the superradiant components (with large Γ k ) decay very fast and only the subradiant ones remain populated. This is seen in Fig. 2(c) , which shows a plateau in the survival probability P sur , and near-zero emission rate K after a rapid initial decay. The height of the plateau of P sur is approximately given by the number of subradiant eigenstates [much larger than the number of superradiant ones, as can be seen in Fig. 2(a) ] divided by the total number of modes N [50] . For a fixed value of a/λ, this ratio remains almost constant when increasing the number of atoms N . For a fixed size of the system N , on the other hand, reducing a/λ increases the relative number of subradiant eigenstates and hence the survival probability, as can be seen in Fig. 2(d) . In all cases considered, the lifetime of the excitation is dramatically longer than in the case of a single atom.
As can be observed in Figs. 2(a) and 3(a), the dispersion relation in the subradiant part of the spectrum is approximately linear [excluding the states with momentum p(k) close to ±π/a and near the superradiant region]. Therefore, one can expect to have lossless-propagating wave packets with a constant group velocity (given by the gradient of V k ) without dispersing. We illustrate this by initialising the system with a Gaussian wave packet centered in momentum space at p(k s ) (center of the linear dispersion manifold) and width σ k small enough to ensure that most components of the wave packet are located in the linear dispersion regime [see blue solid line in Fig. 3(a) ]:
In real space this is also a Gaussian wave packet
whose probability distribution is sketched on the left hand side of Fig. 3(b) . Here, it is shown that such wave packet travels indeed without appreciable dispersion around the ring. Moreover, the lifetime of the excitation is extremely long: its effective decay rate Γ eff is six orders of magnitude smaller than the single atom decay rate γ. A similar reduction of the decay rate Γ eff is also achieved for different system sizes N and ratios a/λ, as it can be observed in Fig. 3(c) . 
IV. FINITE LINEAR CHAIN: STORAGE AND TRANSPORT CONTROL VIA MAGNETIC FIELD SWITCHING
In this Section we will focus on the control of the subradiant excitation transport and storage on a linear onedimensional chain with open boundary conditions, as depicted in Fig. 4(a) [22, 31, 33, 34] . We consider the initial state to be |e bounces back. As in the case of the ring, the excitation quickly disperses, and acquires a subradiant character when reaching the bulk of the chain [see Fig. 4(c) ]. However, as the excitation reaches the other edge, the survival probability decays faster, accompanied by an increase of the activity. Analogously with the case of the ring, the height of the plateau in P sur can be increased by reducing the ratio a/λ, as illustrated in Fig. 4(d) . Here, in order to facilitate the comparison, the time is scaled by t pl , which is approximately the time that the excitation takes to reach the middle of the chain (inversely proportional to the nearest neighbor exchange rate).
Since the excitation has almost zero decay rate within the bulk of the chain, its lifetime is ultimately limited by the time it takes for it to reach the other boundary, i.e. by size of the system and the value of the exchange interactions. One can ask, thus, whether it is possible to freeze the transport of the wave packet and confine it in the subradiant states of the bulk. This can indeed be done by adiabatically changing the direction of the external magnetic field, exploiting that the strength and sign of the exchange interactions depends on the angle between the transition dipole moment d 0 and the direction of the separation between the atoms θ.
Let us illustrate this protocol via an example depicted in Fig. 5 for the same parameters used in Fig. 4 . At t = 0, θ = π/2, such that the nearest neighbor interactions are larger than the single atom decay rate γ [as shown in Fig. 5(c) , orange line], and make the excitation propagate into the bulk [see Figs. 5(a) and (b) ]. When the activity reaches a minimum at t = t min , the direction of the magnetic field is changed within the yz-plane. This switch is done adiabatically, such that it is followed by the transition dipole moment of the excitation (i.e. the switching time τ 1/∆), but quickly enough to keep the excitation from leaving the bulk of the lattice. The change of the magnetic field direction is mathematically equivalent to a rotation of the angle θ between the quantization axis and the chain from its initial value θ in = π/2 to a final value θ f , which leads in turn to modified interactions. In particular, in order to slow down the excitation transport in the bulk, we fix the final value such that the nearest-neighbor interaction coefficient is zero, V 00 (a, θ f ) = 0 [see Fig. 5(c) , blue line]. While this change does not freeze the excitation transport entirely due to the non-zero values of the exchange rates beyond nearest neighbors, it does slow it down notably, as one can see in Fig. 5(a) . Most importantly, the subradiant character of the propagation is preserved, reflected in a constant survival probability P sur and vanishing activity, as shown in Fig. 5(b) .
The versatility of the system using the change in the magnetic field direction is further illustrated in Fig. 5(d) . Here, we show an example where several changes in the direction of the magnetic field allow to switch the direction of travel of the excitation. Most importantly, the activity remains close to zero throughout all of these changes, as long as the excitation stays in the bulk of the chain.
V. DISORDER
Finally, we briefly consider the effect of disorder on the subradiant transport discussed in the previous sections. In particular, we consider the disorder introduced due to the finite width of the external wavefunction of each atom, which we model as a three dimensional Gaussian with width σ centered in the respective lattice sites.
Since the long-ranged exchange interactionsV [given by (3) ] are functions of the separation between the atoms, the uncertainty in the atomic positions translates into disorder in the hopping rates in the exchange Hamiltonian H given by Eq. (2). This kind of positional disorder in Hamiltonians with long-ranged hopping has been recently studied and found to give rise to localization [45] . Consistently with this, we find that as we increase σ the eigenstates of the Hamiltonian become localized, inhibiting transport. This can be seen in the top panels of Figs. 6(a) (b) and (c), where we show the excitation probability c 0 α (t) 2 as a function of time for increasing disorder (ratio σ/a) from left to right. Subradiance is, however, not a fine-tuned property but rather known to be robust in the presence of disorder [47, 48] . Indeed, in each lower panel in Figs. 6(a) , (b) and (c) one can observe that, while increasing disorder has a detrimental effect on the subradiant state manifold, in all cases considered the excitation features lifetimes dramatically longer than the ones of an individual atom.
VI. CONCLUSIONS AND OUTLOOK
We have investigated the transport of an excitation in a one-dimensional atomic lattice that occurs due to the coupling of the atoms to the radiation field. In particular, we have shown that there is a high dimensional subradiant manifold that allows for dispersionless transport, control and storage of wave packets.
However, there are a number of experimental challenges to overcome when considering the realization of such long lived excitation storage in a dissipative system. One is to achieve a sufficiently small ratio a/λ such that highly subradiant states emerge. An example of such a system, using a transition in the triplet series of alkaline earth metal atoms with a particularly long wavelength (2.6 µm in strontium), was introduced in [4] . The trapping of these alkaline earth metal atoms is currently realized experimentally both in optical lattices [51, 52] and tweezer arrays [53] . Even smaller ratios a/λ can be achieved by using Rydberg states, where the transition wavelengths are much longer than in low-lying states. An alternative approach that allows subradiant states to emerge for large ratios a/λ is changing the radiation field's boundary conditions by placing, e.g., a surface [54] or a waveguide [33, [55] [56] [57] [58] near the atoms, which in turn modifies the exchange interaction and dissipation. Another experimental challenge is the preparation of the subradiant wave packets. In particular, preparing states with one excitation localized on one or a few sites will require single-site resolution and addressability, which has been achieved experimentally in optical lattices and tweezer arrays [59] [60] [61] [62] [63] . Moreover, creating a wave packet with a linear dispersion relation will require a phase imprinting mechanism, which may be challenging to implement experimentally.
A future direction connecting to this work will be to move away from the linear optics regime (single excitation sector of the dynamics) [33, 35, 37, 38, 64] and consider situations where two or more wave packets interfere with each other effectively realizing photon-photon interactions in a subradiant decoherence-free manifold. Such platform can find applications ranging from the creation of non-classical states of light to the realization of photonphoton quantum gates [65, 66] . 
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